Problems and Solutions Albert Natian, Section Editor
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This section of the Journal offers readers an opportunity to exchange interesting mathe-
matical problems and solutions. Please send them to Prof. Albert Natian, Department of
Mathematics, Los Angeles Valley College, 5800 Fulton Avenue, Valley Glen, CA, 91401, USA.
It’s highly preferable that you send your contributions via email. To best serve the readers
and contributors of this section, please adopt — as a problem proposer or a solution proposer
— the formats, styles and recommendations delineated at the very end of this document.

To propose problems, email them to: problems4ssma@gmail.com

To propose solutions, email them to: solutionsdssma@gmail.com

Solutions to previously published problems can be seen at <www.ssma.org/publications>.
Solutions to the problems published in this issue should be submitted before
January 15, 2022.

e 5649 Proposed by Kenneth Korbin, New York, NY.

A trapezoid with perimeter 18 + 14+/2 is inscribed in a circle with diameter 7 + 5v/2. Each
of the sides of the trapezoid are of the form a + bv/2, where a and b are positive integers.
Find the dimensions of the trapezoid.

e 5650 Proposed by Angel Plaza, Universidad de las Palmas de Gran Canaria, Spain.

Let L, be the nth Lucas number defined by Ly = 2, Ly = 1, and L, = L, 1 + L, for

n = 2. Prove
Z V Li—1Lgro < A/ Lpy1Lpia + 2v/2 — /33,
k=1

e 5651 Proposed by José Diaz-Barrero, Barcelona Tech, Barcelona, Spain.

Let f : [0, +o0) — (0, +0) be a concave function. Show that
1/4 1/3 5/12 1/6 1/2
20 (x)dx + 15 (x)dx + 24 f(x)dx =75 (x)dz + 10 f(x)dz.
0 0 0 0 0

Editor’s note: A real-valued function f defined over an interval [ is said to be concave (down)

if and only if Va, 8 € [0,1], with a+ 8 =1, Va,beI: af (a)+ Bf(b) < f(«a + £b).

e 5652 Proposed by Daniel Sitaru, National Economic College, “Theodor Costescu” Drobeta



Turnu-Severin, Mehedinti, Romania.

Prove:

¢ 5653 Proposed by Toyesh Prakash Sharma (Student) St. C.F Andrews School, Agra, India.

Evaluate the following limit:

; -1 Ly
iy S (1 1Y

n—o sin (L 1)

n a0 1
y_lxz_:l x204y25 (any2B + x2ﬂy2a)

where o =

Editor’s note: Here, F,, and L, respectively denote the Fibonacci and Lucas numbers.
e 5654 Proposed by Ovidiu Furdui and Alina Sintamarian, Technical University of Cluj-
Napoca, Cluj-Napoca, Romania.

Calculate
1 .

where H,, =1 + 3 + -+ 4+ — denotes the nth harmonic number.
n

Solutions

e 5631 Proposed by Kenneth Korbin, New York, NY.

Trapezoid ABC'D with integer length sides is inscribed in a circle with diameter P where
P is a prime number great than 14. Base AB = 7P?. Express the lengths of the other three
sides in terms P.

Solution by Albert Stadler, Herrliberg, Switzerland.

A cyclic quadrilateral with successive sides a,b, c,d and semiperimeter s has the circum-
radius (the radius of the circumcircle) given by

R 1\/(@() + cd)(ac + bd)(ad + be)
4\ (s—a)(s=Db)(s—c)(s—d)




(Formula of the Indian mathematician Vatasseri Parameshvara, 15" century, see
https://en.wikipedia.org/wiki/Cyclic_quadrilateral).

a=TP* d=>b R= P?/2, and the formula collapses to

b2 + 7TP2%¢
P3 =2
\/ 4b2 — (TP2? — ¢)2

which is equivalent to each of the following lines

(1) P%(4b* — (TP? — ¢)%) = 4b*(b* + TP%¢),

(i3)4b" + 28b*cP? — 46 P° + 2 P® — 14cP® + 49P" = 0,

(41)(20* + TP%c — P%)? + 2 P*(P? — 49) = P°(P? — 49),
(iv)(cP* — TP® + 146*)2 + (P? — 49)(2b* — P%)? = P'2(P? — 49).

(iii) and (iv) show that given P > 8 (ii) has only finitely many solutions in integral tu-
ples (b,c). An exhaustive search gives the following solutions for positive b and c:

P |b c

17 | 2023 | 4697

17 | 3247 | 4697

19 | 2527 | 6209

19 | 4997 | 6209

23 | 3703 | 9737

23 | 9913 | 9737

29 | 5887 | 16289
29 | 21547 | 16289
31| 6727 | 18809
31 | 26753 | 18809
37 | 9583 | 27377
37 | 47027 | 27377
41 | 11767 | 33929
41 | 64903 | 33929

The numerical evidence suggests that ¢ is a quadratic function of P, namely
c=21P*—1372.
(Note that ¢ > 0 for P > 8.) We insert this value into (ii) and solve for b. We find that

be {+7P? £P(P* - 98)}.

3



So (b,c) = (7P%21P* —1372) and (b,c) = (P|P? — 98|,21P? — 1372) are positive integral
solutions of (ii). In the first case the trapezoid has three sides of equal length.

We have nowhere used that P must be a prime, only that P is an integer > 8. We have not
answered the question if there are more solutions in positive integral b and c¢ for P other than
the ones in the table above. Likely the answer is no.

Also solved by David Stone and John Hawkins, Georgia Southern University,
Statesboro, GA.

Editor’s note: The solutions (i.e., answers) provided by the proposer are
Solution 1: AB = 7P?, BC =7P% CD =21P% - 1372, DA = 7P

Solution 2: AB = 7P?, BC = P?>—98P, CD = 21P%>—1372, DA = P? — 98P.

e 5632 Proposed by Toyesh Prakash Sharma (Student), St. C.F. Andrews School, Agra,
India.

Show that

1 —+/2sin (89/2)° 1\° 2\° 3\° 89)°

V2 - ( / )O < tan? (—) - tan? (—) - tan? <—> .- tan? <—> .

1+ +/2sin (89/2) 2 2 2 2
Editor’s comments: No solution was received for this problem. Albert Stadler has noticed
that the claim in the problem is incorrect, which has also been comfirmed by the proposer of
the problem. Motivated by the problem nonetheless, Albert Stadler has created an alterna-
tive inequality which will be presented as a new problem in a future issue of this section. An
interesting problem has value even if it is affected by an error. My thanks go to both Toyesh

Prakash Sharma for originating the problem, and to Albert Stadler for putting a longer life
into it by an astute alteration.

e 5633 Proposed by Goran Conar, Varazdin, Croatia.

Calculate:

lim «/sinhn + tanhn.

n—+0o0
Solution 1 by Daniel Vacaru, Pitesti, Romania.

By d’Alembert, we calculate

inh 1 h 1
i S0 (n+ 1) + tanh (n + ): lim

. 1
sinh (TL + 1) lim 1+ cosh(n+1)
n—co sinhn 4+ tanhn n—o sinhn n-ow 1+ '

1
coshn




sinh (n + 1)

We know that lim = (. For lim - , we have
n—wcoshn n—o  sinhn
. 2(n+1)_1 _ 1
sinh (TL + 1) . EGT 1 . 62(n+1) 1 1 . 62 - Zn
lim ——— = lim—&$—— = —-lim ——— = — lim — =e.
n—w  sinhn nooo €r—1 en—w e2n — 9 en—w | — ——

We obtain the limit as e.

Solution 2 by Brian Bradie, Department of Mathematics, Christopher Newport
University, Newport News, VA.

Let
y = lim </sinhn + tanhn.
n——+o
Then,
Iny = In ( lim </sinhn + tanh n)
n—-+00
= lim In {/sinhn + tanhn
n—-+0o0
. In(sinhn + tanhn)
= lim .
n—+ao n
By, L'Hopital’s Rule,
. In(sinhn + tanhn) . coshn +sech®n
lim = im —
n—>—+00 n n—+oo ginhn + tanhn
1 h?
= lim cothn Shsecin .
n——+00 1+ sechn
Now,
lim cothn=1 and lim sechn =0,
n—-+00 n—+00
i In(sinh h
+t
lim n(sinhn 4 tanhn) _q
n——+aoo n
Finally,

y = lim +/sinhn + tanhn = e' = e.
n—-+0o0

Solution 3 by Brian D. Beasley, Department of Mathematics, Presbyterian Col-
lege, Clinton, SC.

We show that the limit is e.

Let f(n) = ¥/sinhn + tanhn. Then In(f(n)) = (1/n)In(sinhn + tanhn). Using L’Hoépital’s
Rule, we have

ot



In(sinh n + tanhn) coshn + sech®n

lim 1 =1 =1 )
nEIolo n(f(n)) ngrolo n ngrolo sinhn + tanhn
This limit in turn equals

_ cothn + sech?n csch n

lim =1.

n—00 1+ sech n

Hence we conclude lim f(n) = e' = e.

n—0o0

Solution 4 by Bruno Salgueiro Fanego, Viveiro, Spain.

. e — e~ e — e
lim {/sinhn + tanhn = lim \/ + =

N—0 n—00

1 — e—2n 1 — 6—277, 1 — 6—277, 1— €—2n
= hm \ er = hm e (| —— eN—m— =
n—00 2 - 14+e2n  now 2 * 1+e2m

e (0o (i) ) e (nen () e (2 -

Solution 5 by David E. Manes, Oneonta, NY.

The value of the limit is the real number e.

We will use the following form of I’'Hopital’s rule: If f and g are functions that are defined in
/
an open interval (a,+o0) and lim f(z) = lim g¢(z) = +o0 and if lim J'@)
r—+00 xr— 400

/ a—+o g'(x)
lim f(x) exists and lim M = lim / (x)
a—+0 g(z) v—+0 g(x)  a—to g'(z)

In(sinhn + tanhn)

exists, then

Let y = (sinhn + tanhn)Y". Then Iny = . Let f(n) = In(sinhn + tanhn)

h h?
coshn +sech’n . ¢ (n) = 1. Note that

and g(n) = n. Then f'(n) = sinhn + tanhn

lim sinhn = lim coshn = +0 and lim tanhn = 1.
n—+00 n——+00 n—+00
Therefore,
lim f(n)= lim In(sinhn + tanhn) = +0 = lim g(n) = lim n
n—+00 n—+00 n—+00 n—+00
and
1+ !
f'(n) . coshn +sech®n _ cosh® n
= lim — = lim = 1.
n—+w ¢'(n)  n—+w sinhn + tanhn  n—+w tanhn
tanhn +
coshn



Therefore, by I’'Hopital’s rule,

= 1.
n

lim Iny = lim m: lim <

n—+o n—+0oo g(n) n—+o0

In(sinh n + tanh n) _ f'(n)

-+ g'(n)
Since the natural logarithm is a continuous function it follows that

lim Iny =In( lim y) = 1.

n—+0o0 n—+0o0

Taking the exponential of both sides implies lim y = e = lim </sinhn 4 tanhn. This

n—+o n—+0o0
completes the solution.

Solution 6 by the Eagle Problem Solvers, Georgia Southern University, States-
boro, GA and Savannah, GA.

The limit is e.

Let f(x) = sinhx + tanh z. Notice that for positive values of z,
0 < f(z) =sinha(1 +sechz) < 2sinhz =¢* —e™® < €”

and f'(z) = coshx +sech®z > 0, so that f is increasing on (0, o0). Thus, for positive integers
n, A/ f(n) < Ve® = e and {/ f(n) is an increasing sequence. By the Monotone Convergence
Theorem, the sequence 4/ f(n) converges; call the limit L. Since e™" = 1/e" < €"/2, then
2sinhn = e" — e " > €"/2 and for positive integers n,

In(sinhn 4+ tanhn) > Insinhn > In ez =n—1In4,

so that In(sinhn + tanhn) approaches infinity as n approaches infinity. Thus, we may use
I’'Hospital’s Rule to compute

nl - lim In(sinhn + tanhn)

n—aoo0 n

coshn + sech®n  cschn

im .
n—oo sinhn + tanhn cschn
cothn + sech? ncschn

= lim
n—00 1+ sechn
= lim cothn
n—0o0
Coet4+e™ e
= lim .
n—w e — e~ e~ N
o 1l4e2m
= lim —
n—ow ] —e2n
= 1.

Since In L = 1, then L = ¢! = e.



Solution 7 by Peter Fulop, Gyomro, Hungary.

Expressing sinh(n) and tanh(n) by exponential function and performing several
cancellations we get:

2(e? + 1)en

{/sinh(n) + tanh(n) = §/<€n + e — 1) (1)

Taking the limit of (1).

(e2r —1) ,/(em +

n—o0 €2n —|— 1

Obviously the first term of (2) goes to 1.

Determine the value of the limit of second term

o R/(en+1)?
lim

n—o0 «C/ﬁe

where the lim /2 — 1 and for the numerator is valid the following inequality:
n—00

lim {/(e”)? < lim 4/(e"” 4+ 1)2 < lim {/(2e")? (4)

n—0o0 n—0o0 n—0o0

—e2

The limit of LHS equals to e? and the RHS of (4) also goes to € because lim /4 goes to 1.

n—ao0

It follows that lim {/(e" + 1)2 = €®. So the limit of (3) goes to e.
n—0o0

Turning back to (2), the limit equals e: lim {/sinh(n) + tanh(n) = e.

n—o0

Solution 8 by Angel Plaza, Universidad de Las Palmas de Gran Canaria, Spain.

By the nth root quotient criterion

sinhn + tanhn

lim +v/sinhn +tanhn = i
no> oo Vsinhn + tanhn nes oo sinh(n — 1) + tanh(n — 1)
’ sinhn
= lim ———
n—+o sinh(n — 1)
= e



Solution 9 by Albert Stadler, Herrliberg, Switzerland.

We have

en —e ™™ et —e 1—e2n en —e
{/sinhn + tanhn = { + —ep|——— + e "— e
2 e +e 2 e +e

) ) ) et —e™" ol
as n tends to infinity, since — — 1 and /= — 1.
e +e " 2

Solution 10 by Kee-Wai Lau, Hong Kong, China.

) : et —e™" e —e
Since sinhn = — and tanhn = Pyt so for n > 1, we have
en + e~

—n

— < sinhn < c and 0 < tanhn < 6—.
3 2 2

Hence

e
— < {/sinhn + tanhn < e.

3

It follows that lim </sinhn + tanhn = e.

n—+0o0

Also solved by Team Just {du It, Newark Academy; Livingston, NJ.

e 5634 Proposed by Daniel Sitaru, National Economic College, “Theodor Costescu” Drobeta
Turna-Severin, Romania.

a) Find all real numbers z such that tan 3z = tan 2x + tanz.

b) Find:
T T
Q= Jtan ([E + §) tan 3z tan (Q:B - §) dx.

Solution 1 by Brian Bradie, Department of Mathematics, Christopher Newport
University, Newport News, VA.
Problem:

a) Find all real numbers x such that tan 3z = tan 2z + tan .

Q= Jtan ($ + g) tan 3z tan (Qx — g) dzx.

b) Find

Solution:



a) Using the identity

tan A + tan B
tan(A + B) =
an(4 + B) 1 —tan Atan B’
it follows that
2t 3t — tan®
tan2x=ii and tan3z = ane zzn *
1 —tan“z 1—-3tan“x

The equation tan 3x = tan 2z + tan x then becomes

3tanz — tan® x 2tan x 3tanz — tan® x
3 = 5 + tanx =
1 —-3tan“x 1 —tan“z

1 —tan?zx

or
2tan’ z(3 — tan’z)

(1 —3tan®z)(1 — tan®z)

This yields
tanxr =0 or tanz = i\/g.

Thus, the solutions to the equation tan 3z = tan 2z + tanz are all real numbers = of
the form

x = ki,
3
where k is any integer.
b) Note
tan (z + %) + tan (22 — %
tan 3x = tan 91:4—E—|—231:—Z = ( 3) ( 3),
3 3 1—tan(x+§)tan(2x—§)
SO

tan (x + g) tan 3z tan (295 — g) = tan 3z — tan (:L‘ + %) — tan (2:1: — %) )

Thus,
Jtan 934—E tan 3z tan 293—E dx
3 3
= Jtan&?cdx—ftan (x—l—g) dx—Jtan (Qx_g) dz
+E —lln 9 — ©
sec | x 3 5 sec | 2z 3

1
= §ln\sec3x|—ln +C.

10



Solution 2 by David E. Manes, Oneonta, NY.

3

The solutions for the equation in a) are x = +nw or z = ig + nm, where n is any in-

teger. For part b) we will show

-1 «/sec Sx
sec ——x 4/sec ——237

where C' is a constant of integration.

To obtain the solutions in a), we will use the following identities:

3 —tan’zx 2tan

tan3z = tanz [ ———
(1 — 3tan®z

d tan2r = ———.
) and tan2r = ————

Substituting these values in the given equation in a), one obtains

3 —tan’zx 2tan z
tan = 5— T tan x.

1 —3tan?zx 1 —tan?x

Dividing out tanz and noting that if tanz = 0, then z = +nm (n-any integer) and these
values do satisfy the given equation. Then

3 —tan’z B 2

= + 1.
1—3tan’xz 1 —tan?zx

Multiplying this equation by (1 — 3tan®z)(1 — tan®x) and simplifying, we get 6tan®z —
2tan?z = 0 or 2tan®z(3 — tan?z) = 0 so that either tanz = 0 or tanz = ++/3 in which
cases © = tnm or x = (+7/3) 4+ nm, where n is any integer. This completes the solution for
part a).

To evaluate the integral €2 we will use the triple tangent identity that states if x + y + 2z = ,
then tanx - tany - tan z = tanx + tany + tan z. To begin, the tangent function has period 7
whence tan(x + 7/3) = tan(xz + 7/3 — 7) = tan(x — 27/3). Moreover, the tangent is an odd
function implies tan(z — 27/3) = — tan((27/3) — z) and tan(2z — 7/3) = — tan((7/3) — 2x).
Therefore,

2
tan | x + T tan 3xr tan | 2o — ™) = tan o x | tan 3z tan T_ 2r ] .
3 3 3 3

Summing the three angles, we get ((27/3) — x) + (3z) + ((7/3) — 22) = 7. By the triple
tangent identity, it follows that

21 T 2T T
tan <? — x> tan 3z tan <§ — 2:6) = tan (? — x) + tan 3x + tan <§ — 23:) .

11



Therefore,

Q= Jtan (w + %) tan 3x tan (235 — %) dx
2 T
= Jtan (? — x) dr + Jtan?)xdm + Jtan (§ — 295) dx.

Since Jtanu du = In|secu| + C, it follows that using u-substitutions one can show

2 2 1
Jtan (?ﬂ — x) dxr = — In|sec (g — x> + C4, Jtan?)x dr = 3 In|sec(3x)| + Cs,

1
Jtan (% - 293) dr = —§ln sec (g — 2:5)

where (', (5, C3 are constants of integration. Hence,

Jtan T+ il tan 3z tan | 2z — T dx
3 3
27
sec 3 x
3
3
{/sec(3x) e
sec (%’r - x) A/ s€c (% — 23:)

where C is a constant of integration. This completes the solution of part b).

+ Cs,

Q

=—In

sec (g — 290) ‘

1 1
+ 3 In|sec(3z)| — 5 In

=In

Also solved by Peter Fulop, Gyomro, Hungary; Kee-Wai Lau, Hong Kong, China.

e 5635 Proposed by Proposed by José Diaz-Barrero, Barcelona Tech, Barcelona, Spain.

Assuming that

8 17
(1 — 3 + 3x2) (1 —x -2+ + 3t + 33:5) = ap+ a1z + asx® + -+ a0zt + amlxml,

calculate the value of
ar +as +asg+ -+ agg + asp and ag + ag +ag + -+ + aipo-

Editor’s comments: This is a well-stated problem with a definite solution. FExcept for the
proposer, no one else has supplied a solution. The original solution provided by the proposer
contained an irremovable error. And a subsequent later solution provided by the proposer
is not of the type that is attained via a key feature discovered and utilized within the prob-
lem; instead, it is essentially a direct brute-force computation of each term of the said 50

12



terms, and their subsequent summation. For this reason, the proposer-provided solution is
not mathematically informative and therefore not shown here. Nevertheless, this problem
poses a new challenge to the extent that there is no known non-brute-force solution that
efficiently produces the answer via some key feature(s) of the problem. Nor is there yet a
known demonstration of the impossibility of a non-brute-force solution. As such, it remains
an open problem.

e 5636 Proposed by Ovidiv Furdui Technical University of Cluj-Napoca, Cluj-Napoca, Ro-
mania.

Prove that

Let

Observe that

k=0 k=0 k=0
a0 0
1 1
:zj_zz , (5)
Ml | (k+n+1)!

after a reindexing of k — k + n + 1 has been made.

Now for n = 0,1,2,... consider the integral
1 (!
— | (1 =t)"e dt.
n! Jo

Evaluating the integral we find

0

(! . (! tk Il 1 (!,
(1—t)"etdt = — a4)25ﬁ=m§HLtu4)ﬁ

! |
n! Jo n! Jo =

Ast € (0, 1), the interchange made here between the summation and integration is permissible
due to the positivity of all terms involved. Recalling the integral definition for the beta
function of .

Blzy) = | el 1- 07 dt ay =0,

0

13



we have

n! Jo n! & k! =(k+n+ 1)l
or
1 [ . ‘
— 0(1 t)e dt—e—;ﬁ (6)

Here the result in (5) has been used together with the relation of the beta function to the
gamma function I' of B(z,y) = I'()I'(y)/I'(x+y) and I'(n+1) = n! when n is a non-negative
integer.

Returning to the sum S, using (6) it may be rewritten as

I
s
3 |-

o —
—
Q
~

i
—

|
=

IS

&

(&
(=)

as required to prove. Any interchanges we have made between summation and integration
signs are permissible due to the positivity of all terms involved.

Solution 2 Peter Fulop, Gyomro, Hungary.

Prove that

1 LHS

o0
It is known that e = Z the LHS can be formed in the following way:

1
4 k!

14



Let’s combine the two inside sums of (7) and perform a re-indexig:

0
Let’s transform the Z into integral form using I and S functions:
k=

1
i (n+k)!

k=
Using the connection between I' and  and then the integral form of 3 we get:

0

Bk:n+1 1 —ax)n
Zn+k: Z kzlj k—1)n!

By the exchanging the order of summation and integration:

> o

e
[

Turning back to (8)

s = S ( [ ) ([ 2000,

= I(k)
Z(n—i—k :n'z n—l—k _n'ZFn+k+ 1)(k—1)!

(10)

(12)

(13)

Let’s exchange the order of the summation and the first integral then the second integral:

11 vi—y)
e —y)"
LHS = | | Yer( — a2
S !Ojn_oe( x) o dxdy

Performing the summation in (14) we get:

LHS = eJJe“”ydxdy

15

(14)

(15)



2 RHS

P%

o1 O 1
ris =3 = (L) (X7

Let’s form the Cauchy product of the two sums of (16

S a1l nl 1
EZ (n—k) (1 +k) 1+k EFZ (n—k)k! (1 + k)2 (17)

(n+ 1)( )') (16)

n=0

11

= fjmkykdxdy, the (17) equals to the following:

Taking into account that

(1+k)?

RHS = i % i <Z) Jl fl ehofdrdy = 2% fl Jl i <k> 2ryt drdy (18)

Using the binomial theorem Z (Z) oyt = (14 zy)"
k=0
11
00]
B (14 zy)”
HS = JJ ZO e dady (19)
00"

Performing the summation in (19) we get:

11

RHS =e¢ J f e™dxdy (20)

00
The statement is proved because LHS=RHS by (15) and (20).

Solution 3 by Narendra Bhandari, Bajura district, Nepal.

Since

k=n+1 k=0

= 1 = nl.k!
6_Zk:' > - LG A ks DA

nl.k!

S ©°

and by the definition of beta function, | 2*(1 — z)"dz = ————— the latter summation
(n+k+1)
can be written as
1 o1 Jl b 1 (! o T 1 (!
— >y = | 2"1l—a)"dx=— | (1—2a)" — |de=— | (1—2x)""dz
n! kz_;) k! Jo n! Jo kZ_;) ! n! Jo

16



by the use of reflection property of integral and on squaring as

n 1 2 1 1 . 2 62 1 1 (z+9)
_ o - N —x _ n_ —(z+y
A(n) e kz:;) X oy f e " Tdx —(n!)2 L L (xy)"e dxdy

o0
Therefore,Z nlA(n) is equal to
n=0

0 1 o n
. —(z+y) d d _ —(z+y) d d
EA ] Ll [ oo (5 0 )
ey+1
=e JJ ety dmdy—eJJ (1—z)(1- y)d:cdy—ej Tdy

In the above steps we use the series of €* and it can be noted that —x —y+zy = (1—z)(1—
y) — 1. Further, We substitute 1 — y = ¢ in the last integral we have

1 .t 0 1 0
—1 1 1

[ Sa—ey et =e Y

g t !, ~ n.n!

and hence the proposed result is proved. The interchange of integral and summation sign is
easily justified by Fubini/Tonelli’s theorem.Also it can be noted that the closed form does
exist which is e (Ei(1) — ) where Ei(z) and 7 are Exponential integral and Euler Mascheroni
constant respectively. Using the definition of exponential integral we observe that

Let —1

lim dt = Ei(1) — lim (Ei(e) — log(e))

e—0+ ¢ t e—0+

= Ei(1) — lim (7 +log(e) + O () — log(e)) = FEi(1) — v

e—0+

we use the Puisex series of Ei(x).

Reference : https://mathworld.wolfram.com/Exponentiallntergral.html

SKokoskokokskokokokokox Kokookokokokoskokokkok okookoskokokokokokkok

Kkokokokook ok ok k >k k KK kokokok ok ok ok k >k Rk kR kokokok kook ok

Editor’s Statement: It goes without saying that the problem proposers, as well as the solu-
tion proposers, are the élan vital of the Problems/Solutions Section of SSMJ. As the editor
of this Section of the Journal, I consider myself fortunate to be in a position to receive,
compile and organize a wealth of proposed ingenious problems and solutions intended for
online publication. My unwavering gratitude goes to all the amazingly creative contributers.
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We come together from across continents because we find intellectual value, joy and satisfac-
tion in mathematical problems, both in their creation as well as their solution. So that our
collective efforts serve us well, I kindly ask all contributors to adhere to the following recom-
mendations. As you peruse below, you may construe that the recommendations amount to
a lot of work. But, as the samples show, there’s not much to do. Your cooperation is much
appreciated! . . . And don’t worry about making a mistake. All is well!

Formats, Styles and Recommendations

If possible, when submitting proposed problem(s) or solution(s), please send both LaTeX
document and pdf document of your proposed problem(s) or solution(s).
Regarding Proposed Solutions:

Below is the FILENAME format for all the documents of your proposed solution(s).
#ProblemNumber _FirstName LastName_Solution SSMJ

e FirstName stands for YOUR first name.
e LastName stands for YOUR last name.

Examples:
#1234 Max_Planck _Solution SSMJ

#9876_Charles_Darwin_Solution_SSMJ

Please note that every problem number is preceded by the sign # .

All you have to do is copy the FILENAME format (or an example below it), paste it and
then modify portions of it to your specs.

Please adopt the following structure, in the order shown, for the presentation of
your solution:

1. On top of the first page of your solution, begin with the phrase:
“Proposed solution to #**** SSM.J”

where the string of four astrisks represents the problem number.

2. On the second line, write

“Solution proposed by [your First Name, your Last Name]”,
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followed by your affiliation, city, country. Make sure you do the same for your collaborator.

3. On a new line, state the problem proposer’s name, affiliation, city and country, just
as it appears published in the Problems/Solutions section.

4. On a new line below the above, write in bold type: “Statement of the Problem”.

5. Below the latter, state the problem. Please make sure the statement of your problem
(unlike the preceding item) is not in bold type.

6. Below the statement of the problem, write in bold type: “Solution of the Problem”.
7. Below the latter, show the entire solution of the problem.

Here is a sample for the above-stated format for proposed solutions:

Proposed solution to #1234 SSMJ

Solution proposed by Emmy Noether, University of Gdttingen, Lower Saxony,
Germany.

Problem proposed by Isaac Newton, Trinity College, Cambridge, England.

Statement of the problem:

Compute 2 <Z> akyn k.

k=0

Regarding Proposed Problems:

For all your proposed problems, please adopt for all documents the following FILENAME
format:

FirstName_LastName ProposedProblem _SSMJ_YourGivenNumber_ProblemTitle

If you do not have a ProblemTitle, then leave that component as it already is (i.e., Prob-
lemTitle).

The component YourGivenNumber is any UNIQUE 3-digit (or longer) number you like to
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give to your problem.

Examples:
Max_Planck ProposedProblem SSMJ 314 HarmonicPatterns

Charles_Darwin_ProposedProblem_SSMJ_358_ProblemTitle

Please adopt the following structure, in the order shown, for the presentation of
your proposal:

1. On the top of first page of your proposal, begin with the phrase “Proposed problem
to SSMJ”.

2. On the second line, write “Problem proposed by [your First Name, your Last Name]”
and followed by the name(s) of your collaborator(s).

3. Continuing with the above (on the same line), state your affiliation, city, country (for
each collaborator).

4. On a new line state the title of the problem, if any.
5. On a new line below the above, write in bold type: “Statement of the Problem”.

6. Below the latter, state the problem. Please make sure the statement of your problem
(unlike the preceding item) is not in bold type.

7. Below the statement of the problem, write in bold type: “Solution of the Problem”.
8. Below the latter, show the entire solution of your problem.

Here is a sample for the above-stated format for proposed problems:

Proposed problem to SSM.J
Problem proposed by Isaac Newton, Trinity College, Cambridge, England.
Principia Mathematica (<— You may choose to not include a title.)

Statement of the problem:

Compute Z <Z) akynk,

k=0
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& & & Thank You! & & &
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